The fractional calculus associated with ℵ-function has been investigated in several works. In the present sequel, we introduce an ℵ-function of two variables to give left and right-sided generalized fractional differentiations of the product of two ℵ-functions. The results obtained form the key formulas for the results on various potentially useful special functions of physical and biological sciences and technology available in the literature. Among a large number of potentially useful and interesting special cases of our main results, some special ones are chosen to be demonstrated.
Introduction and Preliminaries
Throughout this paper, let C, R, R + , Z − 0 and N be sets of complex numbers, real and positive real numbers, non-positive and positive integers, respectively, N 0 := N∪{0}. Also let 1, r := {1, 2, . . . , r} for r ∈ N.
The subject of fractional calculus has gained considerable popularity and importance during the past four decades or so, due mainly to its demonstrated applications in numerous seemingly diverse and widespread fields of science and engineering. For details of those applications, the interested reader may refer to the following literature [1, 2, 5] . During those times, many mathematicians have tried to give various definitions of fractional calculus, some of which have survived to be further extended, generalized, and applied, especially in connection with special functions.
The Aleph (ℵ)-function, which was introduced by Südland et al. [17] and is a very general higher transcendental function, is defined by means of Mellin-Barnes type integral in the following manner (see, e.g., [11, 12, 14] ):
where z ∈ C \ {0}, i = √ −1, and
Here Γ denotes the familiar Gamma function; The integration path L = L i γ ∞ (γ ∈ R) extends from γ − i∞ to γ + i∞; The poles of the Gamma functions
The parameters A j , B j , A jk , B jk > 0 and a j , b j , a jk , b jk ∈ C; The empty product in (2) is (as usual) understood to be unity. The existence conditions for the defining integral (1) are given below (see, e.g., [12] ):
and
where
The ℵ-function has been investigated by many authors (see, e.g., [6, 12, 13, 14, 17] ) and is known to be a generalization of the familiar H-function and I-function as noted in Section 3. Ram and Kumar [6] presented the fractional integration of Aleph functions. The generalized fractional differentiation of the Aleph-Function was given by Saxena et al. [13] and the generalized fractional integral of the product of two Aleph-functions was presented by Saxena et al. [14] . In the present sequel to some of the aforementioned investigations, we introduce an ℵ-function of two variables to give left and right-sided generalized fractional differentiations of the product of two ℵ-functions. Some interesting special cases of main results are also considered.
The ℵ-function of two variables is defined as follows:
and the integration paths L 1 and L 2 are given in the same way as in (1). Saigo and Maeda [9] introduced the seven-parameter generalized left-sided and right-sided fractional differentiation operators D with the Appell function F 3 as a kernel, respectively, as follows (see [9] ): For α, α , β, β , γ ∈ C, and x ∈ R + ,
and d
Here F 3 (α, α , β, β ; γ; z, ξ) is the familiar Appell hypergeometric function of two variables defined by
where (λ) n denotes the the familiar Pochhammer symbol. It is noted that the series in (15) is absolutely convergent for all z, ξ ∈ C with |z| < 1 and |ξ| < 1, and for all z, ξ ∈ C \ {1} with |z| = 1 and |ξ| = 1. The Saigo-Maeda fractional derivative operators reduce to Saigo derivative operators by virtue of the following identities (see [8, 9, 15] ):
We recall some known results for the above fractional operators in the following lemma (see [9, p. 
2 Generalized Fractional Differentiation of the Product of two ℵ-Functions
The left-sided generalized fractional differentiation D α,α ,β,β ,γ 0+ in (12) associated with the product of two ℵ-functions is given in the following theorem.
Theorem 2.1. Let α, α , β, β , γ, σ, λ, ω ∈ C such that (γ) > 0 and
for some µ, υ ∈ R + . Suppose further that a j , b j , a jk , b jk ∈ C, and A j , B j , A jk , B jk ∈ of the product of two ℵ-functions exists and is given as follows:
Proof. By expressing the product of two Aleph functions occurring on the left hand side of (20) (denoted by I) in terms of Mellin-Barnes contour integral with the help of (1) and interchanging the order of integrations, we obtain
Applying (18), we have
By interpreting the Mellin-Barnes contour integrals in terms of the ℵ-function of two variables as given in (7), and using
we find the result (20). This completes the proof.
Here the right-sided generalized fractional differentiation D α,α ,β,β ,γ −
in (14) involving the product of two ℵ-functions is presented in the following theorem. Theorem 2.2. Let α, α , β, β , γ, σ, λ, ω ∈ C such that (γ) > 0 and µ min
for some µ, υ ∈ R + . Suppose further that a j , b j , a ji , b ji ∈ C, and A j , B j , A jk ,
r ; these sets of constants satisfy the corresponding conditions given in (3)- (6) . Then the right-sided generalized fractional differentiation D α,α ,β,β ,γ − of the product of two ℵ-functions exists and is given as follows:
Proof. A similar argument as in the proof of Theorem 2.1 will establish the result (22) under the given conditions. So the details of the proof are omitted.
Concluding Remarks and Special Cases
Two main results involving Saigo-Maeda fractional derivative operators of the product of two ℵ-functions are established. Since the ℵ-function is very general, it contains, as its special cases, many special functions. Setting τ j = 1 (j ∈ 1, r) in (1) yields the I-function (see [16] ) whose further special case when r = 1 reduces to the familiar H-function (see [3, 4] ). In fact, the expression in (1) of the Aleph-function does not follow completely the notational convention of the Fox's H-function. Namely, in the ℵ-functions, the kernel Ω m,n p k ,q k ,τ k ; r (s), parameter couples (a j , A j ) 1,n , (b j , B j ) 1,m build the Gamma function terms exclusively in the numerator, and [τ j (a jk , A jk )] n+1,p k , [τ j (b jk , B jk )] n+1,q k build the linear combination exclusively in the denominator, while, for the H m,n p,q [z], both upper (a j , A j ) 1,p and lower couples of parameters (b j , B j ) 1,q play roles in forming both numerator and denominator terms according to m and n. Here, among numerous special cases of the two main results, only two cases are demonstrated as in the following corollaries.
Setting τ k = 1, τ k = 1 (k ∈ 1, r) in (20) yields a result associated with I-function (see [16] ) in the following corollary.
Certain results involving Riemann-Liouville and Erdélyi-Kober fractional derivative operators can also be obtained by setting β = −α and β = 0 in Corollary 3.2. Likewise a large number of new and known results involving Saigo, RiemannLiouville and Erdélyi-Kober derivative operators may be given as special cases of the two main results. Those special cases can also be seen as certain extensions of many known results, whose detailed accounts are omitted.
